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Shrinkage Flow Effects on the
Convective Stability

of NH4C1-H2O Directional
Solidification

V = solidification growth rate, cm/s
V = fluid velocity vector, cm/s
W, w = fluid velocity in z direction, cm/s
jc = solution vector, W, T, C
y = horizontal coordinate normal to gravitational

acceleration, cm
z = vertical coordinate parallel to gravitational acceleration,

cm
zt = height of two-phase region, cm
zl = far-field distance, cm
a = thermal diffusivity, cm2/s
y = solidification shrinkage parameter, (ps — pj)lps
K = permeability, cm2

v = kinematic viscosity, cm2/s
p - density, g/cm3

Pi = liquid density, g/cm3

ps = solid density, g/cm3

or = temporal growth parameter, 1/s
<$> = liquid fraction

Subscripts

0
oo
S

= value at z = 0
= far-field value
= base state value

Superscripts

= perturbation value
= critical value
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Nomenclature
A = discretization matrix left-hand side
a = wavenumber, I/cm
B = discretization matrix right-hand side
Bc = coefficient of solutal expansion, l/wt%
BT - coefficient of thermal expansion, 1/°C
C = solutal concentration, wt%
Cp = specific heat, J/g °C
Ct = dendrite tip solutal concentration, wt%
c = constant in permeability model
D = solutal diffusivity, cm2/s
d = characteristic length for Forchheimer inertia term, cm
dl = length of solutal diffusion layer in all liquid region, cm
d\ - primary dendrite arm spacing, cm
F = Forchheimer inertia term, I/cm
Gl = temperature gradient at solid-liquid interface, °C/cm
g = gravitational acceleration, cm/s2

ge = Earth's gravitational acceleration, 980 cm/s2

k = partition coefficient
Lf = latent heat, J/g
m = liquidus slope, °C/wt%
P = pressure, dynes/cm2

T = temperature, °C
t = time, s
u - fluid velocity in ;c direction, cm/s
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Introduction

C ONVECTIVE flows occurring during solidification have been
studied extensively. For multicomponent systems, the flows

are primarily a manifestation of density differences within the liq-
uid arising from phase change solutal redistribution. The resulting
fluid motion can have a dramatic consequence with respect to the
results of the solidification process. Both constituent segregation
and solid structure are influenced by convection, and significant ef-
fort has been expended in trying to model these effects.1"11 Because
convective flows create constituent segregation, i.e., channelling and
freckling, within the final solid matrix, they are generally consid-
ered undesirable, and it is of interest to determine solidification
conditions for which convective flows will not occur.

Background
The importance of gravity level for vertical directional solidifi-

cation (VDS) has been examined using linear stability analyses by
Nandapurkar et al.9 Worster,10'11 and Hopkins.8 The importance of
other parameters has also been examined. Neilson and Incropera1

showed the effects of permeability on nonlinear convection dur-
ing the solidification of Pb-Sn. Worster10'11 used a novel linear
model to show the effects of permeability, and Prandtl number,
among other parameters, on the transition. He found two regimes
for the breakdown, one associated with the fluid layer and the
other associated with the mushy zone. Hopkins8 examined the in-
fluence of the two-phase region on breakdown, performing both
linear stability calculations and experiments. Each of these stud-
ies illustrated the importance of one or more parameters on the
transition to convection for VDS. The study reported here empha-
sizes the importance of a factor which has received little attention,
shrinkage flow.

The physical situation associated with the convective stability of
the melt for a solidifying system is as follows. A solutal diffusion
layer develops within and in front of the growing two-phase mushy
zone, and, if the solute is less dense than the bulk fluid, the potential
for buoyant flow exists. Figure 1 shows the temperature, solute, and
density profiles for this situation. For stability calculations concern-
ing many materials (including the NH4C1-H2O discussed here), it is
of interest to determine to what degree the shrinkage flow influences
the transition to convective flow.
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Fig. 1 Temperature, solute, and density profiles for VDS with light
solute rejection.

To this end, the VDS of NH4C1-H2O under Bridgman-type condi-
tions has previously been examined8'12~14 both experimentally and
numerically to show that the onset of convection for this process
manifests itself as the transition from a state with a well-defined,
undisturbed solutal diffusion layer to well-defined, stationary con-
vection cells. Extensive analysis8'14 of the diffusion layer, both
before and at the onset of convection, showed that two-phase mo-
mentum effects play the major role in determining the point of
breakdown.

This paper expands on these results, showing the individual effect
that shrinkage flow has on the onset of convection during the VDS
ofNH4Cl-H2O.

Approach
A linear stability analysis was used to predict the onset of con-

vection for the VDS of an NH4Cl-72 wt% H2O solution. Normal
mode expansion was used to represent the perturbation solution,
and finite difference approximations for a grid clustered around the
solid-liquid interface were employed to approximate the resulting
eighth-order ordinary differential equation (ODE) system.

The domain used for the calculations is semi-infinite in the z di-
rection and infinite in the x direction. Because of the influence of
the two-phase region on convective flows, Darcy extended conser-
vation equations were used; This included a typical linear (velocity
dependence) Darcy friction term and a nonlinear Forchheimer term.
Because the experimentally measured fraction of liquid ranges from
0.9 to 1 in this problem, the viscous dissipation term was retained.
A Boussinesq approximation was used, hence, properties for each
phase were constant throughout the domain, and density for each
phase was constant except for the body force term in the z-direction
momentum equation. The resulting equations referenced to a coor-
dinate system moving with velocity V are

3u dw 3$> 3®
—— _|_ ——— = y ——— _ y y ———

Bx 3z 3t Y 3z

Po Bx

(1)

(2)

dw

$> 3P o v4> p- — — + vV2w - —— w - <£— g - F$\V\w
PQ 3z K Po

(3)

3T 3T 3T
— -V — + u —
Bt 3z 3x

Cp 3z

3T 2 Lfd$>
— =ctV2T - T - —
3z Cp 3t

(4)

3C

with boundary conditions for z = 0:

T = TO, C = Co,

and for z = zt + zl:

T = TOO, C = C^,

u = w = 0

= w = 0

(6a)

(6b)

The domain is defined such that zl is an integer multiple of the
characteristic solutal diffusion layer length D/V with initial solute
conditions at the far boundary. TTiis assured that the zero perturba-
tion far-field boundary condition would be satisfied. F is defined as

F = 1.75(1 - (7)

where d is a characteristic dimension of the porous region. The
permeability relation used in this study

(8)

was developed experimentally by Pokier15 for the dendritic Pb-Sn
system and is valid for flow parallel to the primary dendrite arms.
In this equation dl is the primary dendrite arm spacing and c is an
empirical constant. Equation (8) was used in conjunction with data
appropriate for NH4C1-H2O (Ref. 8).

The governing equations defining the base state for the mushy-
zone region are

dz

dwx ws dwx _ $y dPv

dz <I>, dz po dz

dz (9)

(10)

d2T, | (w. - V) dT, | VLf <M>,
dz2 a dz CPOL dz

d2C., (w, - V) AC, 1 d<D, dC,
dz2 D dz <J>, dz dz

(11)

(12)

(l-y)<b,D dz '

T = Tm + mC

with the boundary conditions

<&,feO = 1,

_ _1_
m

C,(zO = C,

(13)

(14)

(15)

It is noted that the w.t(0) = 0 velocity boundary condition is a
pertinent simplification of u>.v(0) = — yV[l — *.,(0)] due to the
high fraction of liquid values for this study. It is also convenient for
removing the additional difficulty in solving the nonzero boundary
condition.
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The base state equations and boundary conditions for the fluid-
only layer simplify to

d2ry . w,-VdT,—— + —————— = 0, Ts(zt) = Ttdz2 a dz

rii) =G/

dz2

Cs(zt) =

d2C, w, - V dC, =
D dz

dws

~dT
=0

(16)

(17)

(18)

The mushy-zone equations reduced to a boundary value problem
in ws, <£s, Cv, and Ts, which was solved iteratively using Runge-
Kutta integration. The equations in the fully liquid region were read-
ily solved to complete the base state definition.

The variables u, w, P, T, C, and p were then written in terms
of base state and perturbation quantities. These were substituted
into the original equations and base state and nonlinear perturbation
terms were removed. Pressure was removed from the equations by
taking the curl of the momentum equation and using the continuity
equation. The resulting perturbation variables, u/, T', and C' were
expressed in terms of a normal mode expansion

(19)

where a is the spatial wave number of the perturbation.
The perturbation density was written in terms of perturbation

temperature and concentration as

(20)

to yield the following linear, eighth-order ordinary differential equa-
tion system:

d3Wd4W (V 1 d<E
~d?~ + \V ~ ^~dz~
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= aT (22)

dz dz

'- «>

This system was approximated using second-order accurate (first
order at the boundaries) finite differences for a Gl point grid with
points clustered at the solid-liquid interface. This was necessary to
resolve the large spatial variations in the coefficients arising from
the two-phase momentum terms. The resulting generalized eigen-
system, Ax = aBx, was solved for the neutral stability case (the
onset of convection) by setting a = 0 and examining the system
Ax = 0. The determinant of A will be zero for conditions satis-
fying the case of neutral stability. The determinant of A was, thus,
calculated for various values of wave number and either temper-
ature gradient or dendrite tip concentration, and curves in (a, C,)
space were constructed that represent the neutral stability state. The
corresponding minimum Ct values for these curves are the critical
stability values for the specified problem.

Results
A set of calculations was performed for which the mushy-zone

height, solutal diffusion layer length, and temperature gradient were
known. This approximates a quasisteady solidification process that
has been previously investigated experimentally.8

The experiments were shown to undergo transition to convection
before eutectic boundary conditions could be established at z =
0. Therefore, for a given growth velocity V, applied temperature
gradient G/, two-phase region height zt, and liquid region height,
z/, the linear stability model was used to examine the stability of the
system by iterating on the solutal concentration at the dendrite tips.
Because growth velocity was known, the base state tip concentration
was not given by the physical boundary condition arising from the
steady-state growth equation but was dictated by the linear stability
model (LSM) as an iteration variable. Because the value of Ct used

Table 1 Property values and two-phase constants

v = 9.82 x 1(T3 cm2/s
cp = 2.83kJ/kg°C
Lf = 277kJ/kg
m = -4.69 °C/wt%
k = 0.003

D = 2.3 x 10~5 cm2/s
a = 1.5x 10~3cm2/s
c = 4.7 x 10~4

d = 5 jitm
dl = 50 /xm

Table 2 Growth conditions

zt
dl
zl
V
Gl

0.05 cm
0.05 cm
0.50 cm

5 x 10~5 cm/s
10 °C/cm

72.40 r

72.35

72.30

72.25

72.20

y=-0.295
y=-0.177

10 15 20 25 30
Wavenumber (I/cm)

35 40

Fig. 2 Neutral stability curves as a function of shrinkage parameter
for quasisteady YDS.
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Fig. 3 Critical dendrite tip concentration as a function of shrinkage
parameter for quasisteady VDS.

in the iterations is not necessarily that given by the steady-state
boundary condition, the term quasisteady is used to describe this
approach.

The model was used with the property values and growth condi-
tions of Tables 1 and 2, respectively.

Figure 2 presents selected neutral stability curves for various lev-
els of shrinkage/expansion flow, and Fig. 3 illustrates the depen-
dence of critical dendrite tip concentration on such flow. A shrinkage
flow in the direction opposite that of the solidification direction tends
to make the system more susceptible to convective breakdown, and
an expansion flow tends to stabilize the system. There is a 14%
difference between the stability criteria predicted for the case with
shrinkage flow (y = 0.295) as opposed to the case with no shrink-
age flow (y = 0).

Conclusions
The effects of shrinkage flow are significant in determining the

onset of convection during VDS of NH4C1-H2O. Shrinkage flow was
found to be destabilizing if in the direction opposite solidification,
and stabilizing if in the direction of solidification. A difference of
14% was found between stability criteria for cases with and without
shrinkage flow illustrating the importance of including the differ-
ence in phase densities in studies of convection during phase change
processes.
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Introduction

A TMOSPHERIC disturbances encountered by a high-speed
civil transport (HSCT) may induce an inlet unstart (expul-

sion of the normal shock) depending on the magnitude of the distur-
bance and the unstart tolerance of the inlet/engine combination. The
NPARC1 flow simulation software is being used to evaluate the un-
start properties of a variety of inlet concepts, to support wind-tunnel
tests aimed at evaluating inlet stability, and to support design of the
inlet control system. Development of appropriate boundary condi-
tions for unsteady Euler/Navier-Stokes inlet flow simulations has
been under way for some time.2'3 Now that appropriate boundary
conditions are available for these simulations, the numerical time
accuracy of the code for these tasks has become an important issue.
Although NPARC can in theory be used to produce time-accurate

Received Oct. 3, 1994; revision received Feb. 24, 1995; accepted for
publication March 6, 1995. Copyright © 1995 by the Boeing Company.
Published by the American Institute of Aeronautics and Astronautics, Inc.,
with permission.

* Boeing Associate Technical Fellow, Propulsion Research Staff, Engi-
neering Division. Associate Fellow AIAA.

^Senior Specialist Engineer, Propulsion Technology Staff, Military Air-
plane Division. Senior Member AIAA.


